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suspension. It is likely that only a small portion of the D M L  
is entrained and that the retardation one observes by chro- 
matography is observable only when it is magnified by the 
long column bed. In a highly viscous D N A  solution (> 10 P) 
the D M L  diffusion rate is slowed to only 3.5 X IO-’ cm2/ 
sec. This compares with a diffusion rate of D = 1.8 X 
cm2/sec for spin-labeled phosphatidylcholine in vesicles 
(Devaux and McConnell, 1972) and D = 1 X cm2/sec 
for spin-labeled steroid molecules in dipalmitoyllecithin ves- 
icles (Trauble and Sackmann, 1972). In the D N A  solution, 
the water diffusion rate is undiminished compared with the 
rate in just buffer. Apparently the D N A  forms a network 
through which water can move unhindered but which en- 
trains the relatively large liposomes. 

The decay curve for D M L  in buffer reproducibly shows a 
biphasic decay (Figure 3) which could be interpreted in 
terms of two diffusion processes, one having a fast rate 
compared with the other. One explanation for this behavior 
is that the diffusion is partially restricted. At the short 
times one sees the unrestricted diffusion of D M L  within a 
small volume of space. At longer times the D M L  encoun- 
ters barriers which impede the migration of the D M L  from 
that unit of space. This point deserves further investigation. 

Conclusion 
The diffusion of D M L  in solution is controlled primarily 

by the translational diffusion of whole liposomes. Transla- 
tion of individual molecules appears to be a much slower 

process. One might expect therefore that the diffusion of 
lipids in biological membranes would be slower than IO-’ 
cm2/sec. 
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Free Energy and the Kinetics of Biochemical Diagrams, 
Including Active Transport? 

Terrell L. Hill 

ABSTRACT: In earlier papers on muscle contraction it was 
found very useful to relate the actual (not standard) free 
energy levels of the different states in the biochemical di- 
agram of the myosin cross-bridge to the first-order rate con- 
stants governing transitions between these states and to the 
details of the conversion of A T P  free energy into mechani- 
cal work. This same approach is applied here to other mac- 
romolecular biochemical systems, for example, carriers in 
active transport, and simple enzyme reactions. With the 
definition of free energy changes between states of a di- 
agram used here (and in the muscle papers), the rate con- 
stants of the diagram are  first order, the macromolecular 
transitions are  effectively isomeric, the equilibrium con- 
stants a re  dimensionless, the free energy changes a re  direct- 

A biochemical diagram (see, e.g., Hill, 1968) shows the 
possible states of a system (usually a macromolecule, or 
macromolecular complex) as points and represents each in- 
verse pair of possible first-order transitions between two 

t From the Laboratory of Molecular Biology, National Institute of 
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ly related to first-order rate constant ratios, and the ratio of 
products of forward and backward rate constants around 
any cycle of the diagram is related to operational free ener- 
gy changes (e.g., the in vivo free energy of A T P  hydrolysis). 
These general points are  illustrated by means of particular 
arbitrary models, especially transport models. In contrast to  
the muscle case, the free energy conversion question in 
other biochemical systems can be handled a t  the less de- 
tailed, complete-cycle level rather than a t  the elementary 
transition level. There is a corresponding complete-cycle ki- 
netics, with composite first-order rate constants for the dif- 
ferent possible cycles (in both directions). An introductory 
stochastic treatment of cycle kinetics is included. 

states as  a line between the corresponding points. 
This paper is concerned primarily with the connections 

between the free energies of the states of a diagram and the 
first-order rate constants associated with the transitions or 
lines in the diagram. The discussion applies to biochemical 
diagrams generally but free energy transducing systems are  
of primary interest. 

Actually, this subject was introduced, from the present 
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point of view, in recent papers on muscle contraction (Hill, 
1974, 1975; Hill et al., 1975) where it was found very useful 
to relate the free energy levels of the different biochemical 
states of a myosin cross-bridge to the first-order rate con- 
stants governing transitions between these states and to the 
details of the conversion of A T P  free energy into mechani- 
cal work. The possibility of applying this same approach to 
other biochemical systems will be pursued in the present 
paper using membrane transport models, primarily, as ex- 
amples. However, a simple cyclic enzymatic reaction will 
also be discussed briefly. 

The macromolecular system in the case of membrane 
transport is presumably a protein or protein complex, that, 
for convenience, we shall refer to as a “carrier” (though 
conformational changes rather than diffusion are  generally 
believed to be involved in the translocation duties of car- 
riers). A carrier embedded in a membrane is the analog of a 
myosin cross-bridge embedded in a myofilament structure. 
The carrier may exist in various biochemical states that can 
be connected by first-order transitions and that can be as- 
signed corresponding relative free energy levels. Via a cycle 
or cycles of such states, A T P  or other free energy sources 
can be used to produce active transport of molecules or ions 
across the membrane. 

Several definitions of free energy changes between bio- 
chemical states are  possible. The definition used for myosin 
states (Hill, 1974) and here for carrier states is the most 
helpful because of its intimate connection with the actual 
kinetics of the system. The rate constants are  first order, the 
carrier transitions are effectively isomeric, the equilibrium 
constants are  dimensionless, the free energy changes are  di- 
rectly related to first-order rate constant ratios and to the 
free energy along the reaction coordinate in the usual way, 
and the ratio of products of forward and backward rate con- 
stants around any cycle is related to operational free energy 
changes (e.g., the in vivo free energy of A T P  hydrolysis). 
The last point places a restraint or restraints in the assign- 
ment of rate constants in any model. 

In  fact the essential characteristic of a system, to which 
the just summarized free energy and rate constant formal- 
ism of the present paper should be applied, is that the states 
of the biochemical diagram can all be regarded as  different 
states of the same molecule (usually macromolecule or 
macromolecular complex). That is, there is in such systems 
a certain natural asymmetry in each of the various reactions 
involved: the macromolecule may be considered to be the 
dominant species while other molecules (ligands, substrates, 
etc.) play a secondary role. 

There is still another definition of free energy changes 
between states that is related to the rate of entropy produc- 
tion in the system. This will be the subject of a subsequent 
paper (with R. M. Simmons). 

I n  the muscle problem, the biochemical state diagram 
(Hill, 1974) is a function of a positional variable x that lo- 
cates the nearest actin attachment site relative to the myo- 
sin cross-bridge in question. From a theoretical point of 
view, it is this feature that leads to the introduction of me- 
chanical force and work into the analysis and hence that 
makes possible an understanding of how A T P  free energy is 
converted into mechanical work (Hill, 1974; Hill et al., 
1975). The membrane transport and most other biochemi- 
cal problems are  much simpler in that the biochemical di- 
agram does not depend on a variable such as x ,  and hence 
mechanical work is not involved. However, whereas only 
one “chemical” force (ATP hydrolysis) appears in the myo- 

sin diagram, a t  least two such forces must be represented in 
the carrier diagram in order to make free energy conversion 
(active transport) possible. For example, there are  three 
chemical forces (ATP, Na+,  K+) to contend with in the 
NaK-ATPase system. 

The general properties of membrane transport diagrams, 
including methods of calculating the steady-state probabili- 
ties of the biochemical states of the diagram, the net fluxes 
around cycles and between neighboring states, and the con- 
nection with reciprocal relations and irreversible thermody- 
namics (in the nonphysiological, near-equilibrium special 
case), have been discussed in detail elsewhere (Hill, 1966, 
1968). The present paper extends this earlier theoretical 
formalism by the introduction of the appropriate free ener- 
gy levels of the biochemical states and through discussion of 
related topics such as cycle kinetics and stochastics (section 

W e  shall be concerned with general methodology here 
and not with the advocacy of any particular model or mod- 
els. But it seems desirable to present the essential material 
by means of arbitrarily chosen special cases (rather than in 
a single general, and therefore abstract, formulation). Sec- 
tions 1 and 2 are  especially simple because only one chemi- 
cal “force” is involved in each case. 

Free Energy and Kinetics at Two Levels of Detail. A dis- 
tinction that will arise as the examples are discussed in the 
following sections is sufficiently important to warrant ad- 
vance mention here. 

Free energy changes, rate constants, and the associated 
kinetics may be considered a t  the individual transition level 
(as already referred to above) or at the complete cycle 
level. Actually, in the muscle problem one is generally 
obliged to follow individual transitions for two reasons: an 
analysis of the conversion of chemical free energy into me- 
chanical work requires attention to single transitions; and 
the transition probabilities (rate constants) of the diagram 
are  functions of a spatial variable x which itself varies lin- 
early with time in steady contractions. But in active trans- 
port (and other biochemical problems) the transition proba- 
bilities are constant and the required free energy conversion 
book-keeping is related to completed cyclcs only and not to 
individual transitions within cycles. Thus, in these prob- 
lems, besides considering individual states and transitions 
within each cycle, as an alternative one can work a t  a level 
somewhat less detailed. That is, one can deal with compos- 
ite transition probabilities for completion of each kind of 
cycle in the diagram, in either direction, together with the 
overall free energy changes associated with entire cycles. 
This latter approach is of course closely related to the use of 
conventional thermodynamic net fluxes and forces for the 
system (Hill, 1968), but we shall also discuss, in an intro- 
ductory way, a more novel feature, namely, the stochastics 
of cycle completions (section 4). Incidentally, in previous 
work (Hill. 1974, 1975; Hill et al., 1975) we have already 
emphasized the significance of a stochastic treatment of in- 
dividual transitions within the diagram of biochemical 
states of myosin cross-bridges. The stochastics of complete 
cycles was also found useful (Hill, 1975) in a limiting case 
(very slow contractions). 

1 ,  Model for Facilitated Diffusion 
We begin with the simple and well-known model in Fig- 

ure 1 for the facilitated diffusion of a ligand (0) between 
bath A and bath B (e.g., interior and exterior of a cell or 
vice versa) across a membrane with the aid of a carrier that 

4). 
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Bath A 
a Ligand Site 

Membrane 

/ ’  
Carrier 

2 3 
Bath B 

4 

FIGURE 1 :  (a)  Four-state model for facilitated diffusion of ligand (circle) by carrier (square). (b) Diagram showing rate constant notation. The ar- 
rows indicate applicable transition direction for rate constants. 

has a single binding site (X) for a ligand molecule. There 
a re  N independent and equivalent carriers in the membrane 
sample. Each carrier may exist in four different states, indi- 
cated very schematically in Figure l a .  The actual mecha- 
nism of translocation across the membrane (conformational 
change, rotation, etc.) need not be specified. 

A single carrier is a small thermodynamic system (Hill, 
1963, 1964) with a Helmholtz free energy A, when in state 
i (the Gibbs free energy G, 1: A,,  since the pV, term is neg- 
ligible). The bound ligand is of course included in A3 and 
A4 (Figure l a ) .  The discussion of a myosin cross-bridge as  
a small system, and its free energy, on pp 270-272 and 
277-278 of Hill (1974), is largely applicable to  a carrier as  
well. 

We ignore !he possibility of a charged ligand and a mem- 
brane potential a t  the outset but return to this topic a t  the 
end of the section. 

The biochemical diagram is a single cycle in this case, 
shown in Figure 1 b. The rate constants are  first-order rate 
constants for transitions between carrier states with ligand 
a t  its actual molar concentrations C A  and CB in the two 
baths. That  is, (and possibly PA)  will depend on the 
value of CA while ayg (and possibly PB) will depend on C B .  

We would generally expect, in fact, LYA - CA and CUB - CB, 

but this is not the only possibility (Hill et al., 1975; see also 
Appendix 2 of Hill, 1975). The condition for equilibrium 
(when CA = C B )  is LYAK+’PBK- = LYBK-’@AK+. Otherwise 
there is a steady state (we do not consider transients) with a 
mean net flux 7 around the cycle (Figure l b )  corresponding 
to net transport of ligand across the membrane. The  explicit 
expression for 3 in the direction A - B is (Hill, 1966, 
1968) 

(1 ) 
- NcY~K+’&K. - C Y ~ K . ’ ~ ~ K + )  J =  aA~+‘PB + 15 similar terms 

We denote the steady-state probability of state i by p ,  
and the equilibrium value by pie.  Of course Zipi = 1. Also, 
the chemical potential of ligand in the two baths is 

pA = po + k T  In cA 

pB = po + kT In cB, 
(2 ) 

where KO = standard free energy and we understand c to 
mean (molar) activity rather than concentration, if neces- 
sary. At equilibrium, FA = p ~ .  Otherwise - p~ is the 
thermodynamic force driving ligand from bath A to bath B. 

With the actual bath concentrations CA and CB, we now 
consider, for example, transitions 1 3 with all other tran- 
sitions in the cycle imagined blocked. Consideration of the 
resulting equilibrium between states 1 and 3 will allow us to 
relate A I  and A3 to CIA and PA. The standard free energy 
change for the process 

has the conventional relationship to the equilibrium quo- 
tient: 

ligand + c a r r i e r  1 f c a r r i e r  3 (3 ) 

A, - ( P o  + AI)  = - k T I n  (&“/piecA) (4 1 
But we want to pursue especially the alternative “isomeric” 
point of view, 1 F! 3, instead of eq 3. The isomeric detailed 
balance relation is aAple = PAp3e. On rearranging eq 4, we 
can write 

This is the isomeric equilibrium quotient. Although eq 4 
and 5 a re  essentially equivalent, eq 5 shows that first-order 
rate constants are  related to the actual free energy change 
(at  CA) of real interest rather than to the standard free ener- 
gy change (at CA = 1 M )  in eq 4. 

In writing eq 4 and 5 we appealed to conventional ther- 
modynamics without a formal proof. The same result fol- 
lows from statistical mechanics (pp 278 and 325-327 of 
Hill, 1974; see also eq 7-9 of Hill, 1960 where q = Q ~ / Q I ,  
Q 3  = e-A3/kT, etc., 0 = p 3 e ,  and 1 - 0 = pie). 

Now if the imaginary blocks in the rest of the cycle are  
removed, a steady state will be reached with state probabili- 
ties p, .  But the rate constants and free energies in eq 5 re- 
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main unaltered. Thus the second equality in eq 5 ,  between 
rate constants and free energies, is a general relation and 
still holds even though the first equality does not (i.e.. 
steady-state probabilities do not satisfy detailed balance 
relations). 

Note that if CA is varied in eq 5 ,  and C Y A / P A  are af- 
fected but not A3 - A I .  

W e  can, of course, define an isomeric equilibrium con- 
stant K , 3  = CYA/p, that has, according to eq 5 ,  the usual 
relationship to a free energy change, in this case to the ar- 
tual free energy change A3 - ( p ~  + A I ) .  K13 is dimension- 
less. 

By a similar argument we also find for the rest of the 
cycle 

These introduce the remaining actual free energy changes 
between carrier states. On multiplying eq 5-8 together, we 
obtain 

The quantity p~ - = kT In ( C B / C A )  is the total or net 
actual free energy change associated with one counterclock- 
wise cycle (a ligand molecule is transported from bath A to 
bath B). Each of the three members of eq 9 is equal to unity 
only a t  equilibrium (c.4 = CB, p~ = p ~ ) .  When MA > pug, 
these members are  greater than unity, there is a net free en- 
ergy drop of magnitude FA - pug with each counterclock- 
wise cycle, and there is a mean net counterclockwise flux 
(ligand: A - B), given by eq 1.  

For contrast, it is worth repeating the above analysis 
using standard free energy changes, as in eq 4. We intro- 
duce second-order rate constants L ~ A ’  and CYB’ defined by CYA 

= CYA’CA and CUB = CYB’CB. The detailed balance equation re- 
lated to eq 4 is C Y A ’ C A ~ ~ ~  = 0 ~ ~ 3 ~ .  Then 

In similar fashion, we find 

Equations 6 and 8 are unchanged. The analog of eq 9 is 
then 

since the total standard free energy change for one com- 
plete cycle is zero. This also follows from eq 9 if we put CA 

= CB = 1 (hence = pug = p o ) .  These properties obtain 
whether the system is a t  steady state or a t  equilibrium; 
hence they are  not very informative. 

Figure 2a shows a possible illustrative set of steady-state 
free energy levels (or, rather, free energy differences since 
only these are significant), corresponding to eq 5-8, for the 
carrier states in Figure 1. I n  this example, we have chosen 
p~ > pug (and c . .~  > CB) and there is a free energy drop in 
each counterclockwise step of the cycle (this need not be the 
case but the figure is thereby simplified). Each free energy 
difference is related to a first-order rate constant quotient 
(eq 5-8). Because each step has been assigned a free energy 
drop, each of these rate constant quotients is greater than 
unity. The overall free energy drop per counterclockwise 
cycle is FA - pug. The set of free energy levels 13421 is re- 
peated indefinitely above and below those levels shown i n  
the figure, one set for each cycle. 

From a stochastic point of view, a t  the individual transi- 
tion level, a carrier performs a biased one-dimensional walk 
on the free energy levels of Figure 2a. The transition proba- 
bilities governing the walk are  the first-order rate constants. 
The bias is in favor of downward transitions, as determined 
by the free energy differences (eq 5 - 8 ) .  The net flux (A - 
B) contributed by a single carrier is equal to the net number 
of completed downward cycles (13421). For further details, 
see Hill (1975) ,  section V I .  

An equilibrium special case is shown in Figure 2b. I n  this 
case we start with the steady state represented by Figure 
2a, hold CA (and FA) constant. but increase CB (and pug) 
until CB = C A .  The result is the single set of equilibrium free 
energy levels in Figure 2b. The dotted level 2 (from Figure 
2a) is raised by an amount FA - pug (the three other free en- 
ergy differences are unchanged) so that now the overall free 
energy change in the cycle 13421 is zero. The quotient 
CVB in eq 7 is now much less than unity. The relative popula- 
tions (p ie )  of the four carrier states now follow a Boltzmann 
distribution @de > ~3~ > p l e  > p ~ ‘ ) ,  as determined by the 
three free energy differences (Figure 2b). This is not true of 
the steady-state populations (pi) and levels in Figure 2a (for 
an  explicit example. see pp 330-33 1 of Hill ( 1  974)). 

Figure 2c illustrates a possible set of srandard free ener- 
gy levels, related to second-order rate constants as in eq I O  
and 1 1 .  The differences A2 - A 1 and A3 - A4 are  u n -  
changed. We suppose i n  this example that CA = CB < 1 A4 
i n  Figure 2b. Hence both levels 1 and 2 in Figure 2b (dotted 
i n  Figure 2c) must be raised by the same amount relative to 
3 and 4 to arrive at Figure 2c, because the standard state 
has higher concentrations, c.4 = C B  = 1 M .  There is again 
only a single set of free energy levels in Figure 2c since this 
is an “equilibrium” situation ( C A  = CB) .  
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AE + US ‘ES 

E S  

‘ES ‘EP 

EP 

K- 

K +  
EP ES 

Ps - P P  

F I G U R E  3: Diagram for reaction S -+ P catalyzed by enzyme. The ar- 
rows indicate applicable transition direction for rate constants. 

The relative standard free energy levels in Figure 2c and 
the rate constant ratios in eq 6, 8, 10, and 1 1  are  a n  invari- 
ant  set (independent of the actual values of CA and CB). In 
contrast, for example, the free energy difference between 
states 4 and 2 and the value of the ratio PB/CXUg associated 
with Figure 2a change continuously to values appropriate to 
Figure 2b as CB is increased from its initial value (Figure 
2a) to its final value C B  = CA (Figure 2b). 

Invariance, of course, always has a certain appeal. But in 
this case it is a disadvantage. The  actual free energy levels 
(and corresponding first-order rate constants) must be used 
in order to follow the time course of the free energy of this 
steady-state system (rate of net free energy dissipation; effi- 
ciency of free energy conversion; in maximum detail, the 
stochastics of the free energy changes in the system). 

Incidentally, it should be mentioned that, in the case of a 
“reduced” diagram (Hill, 1975; Hill et al., 1975), CYA’ and 
PA might both vary with CA though ffA’/PA is constant 
(similarly for CYB’ and PB). Thus the invariance referred to 
above need not extend to the individual rate constants. 

Suppose ligand and/or  carrier are  charged and that the 
two baths have different electrostatic potentials $A and $B. 
There will be a varying electrostatic potential $ inside the 
membrane. Whichever bath represents the outside of the 
cell is usually chosen to be the zero of potential. The terms 
Z ~ $ A  and ZC$B must now be added to eq 2 to give the elec- 
trochemical potentials and p ~ ,  respectively, where t = 
charge on proton, and z = charge number of ligand (e.g., 
+ 1 for Na+).  Each carrier free energy A ,  will now include a 
similar term for each of its charges (including bound lig- 
and) but using the local IJ a t  each charge. Equilibrium oc- 
curs when p~ = pug. Thus, isomeric equations such as  eq 5-9 
remain unchanged in appearance and have the same physi- 
cal significance. But to retain the same standard chemical 
potential ko in the two baths and the equilibrium condition 
CA = CB, we must now understand the symbol CA to include 
a factor e z ‘ G A / h T  and C B  to include erc$B/kT (recall that CA 

and CB are  already understood to include activity coeffi- 
cients where necessary). This convention leaves all of our 
discussion and notation above intact, but it is, of course, a n  
arbitrary convention adopted merely to avoid rewriting 
equations. It will be understood in the remainder of the 
paper without further mention. 

2. Model for Enzyme-Substrate Reaction 
This brief section is a digression from the main mem- 

brane-transport theme of this paper. But it introduces in a 

. . . . . . . . . . , , . . . . . . . . . 

- I E S  
ES 

a 

a 
a 
IC/ 

FIGURE 4. (a) Illustrative set of steady-state free energy levels for di- 
agram in Figure 3. (b) Equilibrium special case. (c) Illustrative set of 
standard free energy levels. 

simple way another important class of applications of these 
free energy considerations. 

First, to emphasize the analogy with immobile (embed- 
ded) cross-bridges and carriers, we consider independent 
and equivalent enzyme molecules E that are  adsorbed on a 
surface or embedded in one side of a membrane, and that 
are  in contact with a single solution (bath) that contains 
both substrate molecules S and product molecules P. We 
consider later the alternate case in which the enzyme mole- 
cules a re  free to move about in the solution. 

Figure 3 shows the three-state cycle or diagram, which is 
conventional except for the (first-order) rate constant nota- 
tion. The  chemical potentials of S and P are  

ps = k0 + k T  In cs 
(13) 

p p  = ppo + k T l n  c p  

W e  consider only stationary states with the “free” concen- 
trations cs and c p  independent of time. When FS > wp, the 
enzyme catalyzes steady turnover of S into P. The flux 7 
can be expressed in the same form as eq 1 (Hill, 1966, 1968; 
Mahler and Cordes, 197 1, eq 6-54). 

Corresponding to eq 5-9, we have here, in obvious nota- 
tion, 

The  quantity ~p - ~s is the free energy change (usually 
negative) associated with one counterclockwise cycle (one S 
a t  cs is converted to  one P a t  cp) .  The equilibrium case is ws 
= w p  (all three members of eq 17 are equal to unity). 

Figure 4a shows a hypothetical (infinite) set of free ener- 
gy differences for this system (again each counterclockwise 
step is chosen arbitrarily to show a free energy drop). The 
first-order rate constants of any model of this type imply a 
set of free energy levels, as in eq 14-16 and Figure 4a. 
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F I G L R E  5: (a) Diagram for active transport of substrate s by Na+ via 
carrier C. (b) Cycles of the diagram. Arrows indicate choice of positive 
flux direction. (c) Flux diagrams for cycles a and b. Cycle c is similar 
to cycle b. 

Equation 17 imposes a restraint on the rate constants cho- 
sen for the model since ws - w~ is generally a known quanti- 
ty. An example is S = A T P  and P = A D P  + Pi, where ,.LS - 
wp is of the order of 10- 12 kcal mol-’. 

Figure 4b shows an equilibrium case. Here we start with 
Figure 4a, hold C P  and wp constant, and decrease cs and 
until g s  = ,UP. The result is a single set of three equilibrium 
free energy levels. Correspondingly, p~~ > ~ E P ~  > PES‘ 
(Boltzmann distribution). 

If we use standard free energies p s o  and pp0 in eq 14- 16, 
we must also introduce K,’,  K3’, as’, and ap’ (see eq 10 and 
1 I ) .  Then eq 17 becomes 

The  three members of this equation are  not equal to unity 
as  in eq 12 (or, a t  equilibrium, as in eq 17), but they are in- 
dependent of cs and cp .  Figure 4c shows a possible infinite 
(and invariant) set of standard free energy differences con- 
structed from Figure 4a (dotted lines in Figure 4c) on the 
assumption that both cs < 1 M and cp < 1 M in Figure 4a 
(whereas, in Figure 4c, cs = c p  = 1 M ) .  The free energy 
drop in one cycle is l s o  - pupo; this is not the actual free en- 
ergy drop. 

Now let us consider this same system with the enzyme 
molecules in solution. This serves as a very simple prototype 
for models based on the action of embedded enzymes (e.g., 
in myofilaments or membranes) that are extracted from 
their natural habitats and investigated in homogeneous so- 
lution (the homogeneity, incidentally, removes the possibili- 
ty of “directional” free energy conversion-as occurs in 
both muscle contraction and membrane transport). In the 
homogeneous myosin-actin-ATP system, actin must be 
treated as an additional ligand. The  model with Figure 3 
extended by inclusion of another ligand (that effects the en- 
zyme kinetics) will be discussed in the subsequent paper 
with R.  M. Simmons. 

We can use the same first-order rate constant notation as  
in Figure 3, though of course one expects in general that all 

H I L 1. 

six rate constants (especially as and ap) would be some- 
what different in the “free enzyme” case as compared with 
“immobilized enzyme” (above). 

The solution is assumed to be dilute in E, ES, and E P  so 
that the enzyme molecules behave independently of each 
other. Their chemical potentials in solution can be written 

(19) /.LE = /.LE’ + k T l n  cE 

and similarly for E S  and EP. In the binding equilibrium E 
+ S s E S  (at  cs) considered by itself (as in eq 3-5) 

p E  + k = P E S  
(20) 

PES’ - (k0 + PE’) = - k T l n  ( c E S ~ / C ~ ~ C , )  

The (first-order) detailed balance relation is now C Y S C E ~  = 
PSCES~,  Thus, corresponding to eq 5, we have 

This is as  far as we need carry the analysis. We see that the 
difference AES - A E  for an immobilized enzyme (eq 14) is 
merely replaced by ~ E S O  - p ~ ’  for a free enzyme (compare 
Hill, 1963, section 2-3). The same is true in eq 15 and 16. 
Equations 17 and 18 are  unchanged. Thus free energy levels 
of enzyme states, as in Figure 4a, that correspond to the ac- 
tual concentrations cs and cp and that are  related as before 
to first-order rate constants, can still be used even if the en- 
zyme molecules are  in solution. The  total concentration of 
enzyme is immaterial so long as the solution is dilute in en- 
zyme (i.e., each enzyme molecule is kinetically indepen- 
dent). The free energy change PES’ - (ps + KE’) is the de- 
sired actual free energy change per enzyme molecule for S 
(at cs) + E - ES, as  before (eq 14), despite the appear- 
ance of standard chemical potentials for E and ES. This is 
because the effect of the choice of standard state is can- 
celled on taking the difference PES’ - ,LE’. There will al- 
ways be such a difference and cancellation in systems of 
this type. 

3. Model for Active Transport Caused by Concentration 
Gradient 

In this model (Figure 5a) a ligand S (e.g., a sugar or 
amino acid) is transported across a membrane from outside 
(bath A) to inside (bath B) by a carrier (C)  that must be 
activated by N a +  binding before ligand can be bound. This 
is a well-known model; the transitions 3 2 4 (Figure 5a) 
are often omitted. The case of primary interest occurs when 
the downhill Na+ electrochemical gradient (out - in) is 
large enough to drive the ligand uphill (out - in) against 
its concentration gradient. That  is, in obvious notation, 

A p N a  1 pN,OUt - /iNain > 0 
(22) 

A p N a  -‘IS (23) 

There are thus two thermodynamic (chemical) forces oper- 
ating in this model. 

If the mean net fluxes (out - in) are  denoted by J N ~  and 
3s (both positive in the usual case), then the efficiency of 
free energy conversion is obviously 

- 
7 = - & A ~ ~ / J ~ ~ A ~ ~ ~  0 5 7 5 1 (24) 

while the rate of entropy production is 
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Cyde E 

Cycle a Cycle b 

0 0 

0 0 
0 0 

3- 3- 

5- 6- t 6- 
3kTlnK 

A u N l + b u s  
4- 4- 

1 

K 1  

FIGURE 6: Special choice of rate constants for diagram in Figure 5. 

Equations 24 and 25 apply to steady states arbitrarily far 
from equilibrium (the near-equilibrium situation and the 
related irreversible thermodynamics a re  of theoretical but 
not of physiological interest). 

Seven pairs of first-order rate constants are  implicit in 
the diagram, Figure 5a (compare Figures 1 b and 3), and we 
denote them by cyij (for i - j ) ,  using the number assign- 
ment of states shown in the figure. The diagram has three 
cycles (Figure 5b), with mean net counterclockwise fluxes 
denoted by J,, Jt,, J c .  Clearly 

(26) 

The method of obtaining explicit expressions for 2a, J b ,  and 
5, from the rate constants of the diagram (compare eq I ) ,  
in terms of flux diagrams, is given in detail in Hill (1966, 
1968). Figure 5c shows the flux diagrams for cycles a and b; 
by symmetry, cycle c also has three flux diagrams. 

W e  can again define isomeric equilibrium constants K I  3, 

K34, etc., by first-order rate constant ratios, just as  in eq 
5-8. These are  related to  free energy differences by 

etc. Thus, as in sections 1 and 2, the full set of rate con- 
stants determines all of the free energy differences. If we 
multiply K’s around each cycle (as in eq 9 and 17), we ob- 
tain 
Cycle a: K35K56. . .Ki3 = exp[hPNa + A I J s ) / k T ]  > 1 

(30) 
c y c l e  b: K34. . .K13 = eXp(APNdkT)  > 1 (31) 

c y c l e  c :  K 3 5 .  . .K43 = e x p ( A I J s / k T )  < 1 (32) 
The rate constants (and K ’ s )  of the model must be consis- 
tent with the operational quantities on the right-hand side 
of these equations. 

Special Case: Free Energies. In order to be able to write 
explicit but relatively simple illustrative equations, let us 

6kTlnK 
2- 

t ’- I 4- 
3- 

2- 
3kTlnK 0 

0 

FIGURE 7: Illustrative sets of free energy levels for diagram in Figure 
6, using A/B = K5 5. See text for further details. 

now turn to the very specialized case shown in Figure 6 .  In 
this example alI of the counterclockwise rate constants in 
cycle a have the value K relative to their inverse rate con- 
stants, all of which a re  assigned the reference value unity. 
Thus all equilibrium constants in eq 30 a re  equal to K. The 
rate constants cy34 and cy43 (relative to the same reference 
value) a re  denoted A and B, respectively, so that  K34 = A/  
B. Then, from eq 30-32 

a: K6 = e x p [ ( A p N a  + A b ) / k T ]  > 1 (33) K > 1 

b: K 3 ( A / B )  = e x p ( A p N a / k T )  > h? (34) 

c: @ @ / A )  = e x p ( A p s / k T )  < 1 A / B  > K3 (35) 
The free energy levels for the three cycles, determined by 

these rate constants, are  illustrated in Figore 7 (an infinite 
set in each case). Downward steps correspond to  the coun- 
terclockwise direction in cycles a and b. The single-headed 
arrows show the counterclockwise direction in cycle c. Some 
explicit choice has to be made for A/B > K3; in this figure 
we have used A/B = Ks.5. 

The  levels are  equally spaced in cycle a because all K’s in 
eq 30 are  equal. Each counterclockwise circuit around this 
cycle transports one S and one Naf  from outside to inside. 
If this is the only significant cycle (i.e., if A << 1, B << I ) ,  
J N ~  = J s  (“complete coupling”) and 9 = - A b s / A p ~ ~  = 
vmax = 2.5/8.5 = 0.294. Cycle b (34213) transports N a +  
without S. Hence, to the extent that  this cycle is used, it re- 
duces the efficiency below the above (maximum) value. The 
free energy drop per cycle b is AWN&. Cycle c transports S 
without Na+,  but in the “wrong” direction (Le., down the S 
gradient, in - out; J c  is negative). Hence this cycle also re- 
duces 9. One counterclockwise circuit (35643) around cycle 
c transports one S from outside to  inside and increases the 
free energy by -Abs (Figure 7) .  

It might be noted that, for the above free energy consid- 
erations, we need only the ratios K / 1  and AfB and not the 
separate rate constants. Thus, for example, Figure 7 would 
be unaffected if some of the six pairs of rate constants in 
cycle a were 1 OK/ 10, 0.1 K/O. 1, etc. 

Two-Dimensional Free-Energy Bookkeeping. If there is 
only one chemical force, whether there is only one (as in 
Figures l b  and 3) or more than one (as in Hill, 1974, Fig- 
ure 26a) cycle in the diagram, a single, infinite, one-dimen- 
sional set of free energy levels suffices in order to  follow the 

- - 
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rNa  = -1  0 t1 +2 
r = - 1  i, 

F I G L R E  8: (a) Lattice for free-energy and transport bookkeeping during stochastic behavior of system in Figures 6 and 7. See text for further de- 
tails. (b) Example showing efficiency v (vmax = 2 . 5 / 8 . 5  = 0.294, q = vmax/3 = 0.098). 

free energy of the system (see Figures 2a and 4a here and 
Figure 26b in Hill, 1974). This is also sufficient if there are  
two or more chemical forces but only one cycle in the di- 
agram (because of complete coupling, there is, in effect, 
only one net force; consider cycle a only, for example, i n  
Figures 5b and 7). 

However, if there are  two chemical forces and more than 
one cycle, as  in the present model, it is clear from Figure 7 
that a single one-dimensional set of free energy levels is no 
longer adequate to monitor the free energy. Thus, Figure 7 
has three sets of levels, one for each cycle, with the problem 
of combining the three sets left unresolved. 

Fortunately, as already mentioned in the introduction, 
the actual free energy bookkeeping required (except when 
mechanical work is involved) is related to completed cycles 
only and not to individual transitions (see, for example, eq 
24 and 26). For this purpose, with two chemical forces, we 
can use a two-dimensional free energy lattice to follow the 
system, as in Figure 8a. Each point in the lattice ( r s ,  r N a )  
represents a net of r s  molecules of S and r~~ sodium ions 
transported in the direction out - in, starting, say. from r s  
= r h a  = 0.  The horizontal free energy unit (double-arrow) 
is while the vertical unit is -.ips. The ratio used for 
- A ~ s / A ~ u . N ~  in Figure 8a corresponds to the case in Figure 
7. The three arrows emanating from the origin show, as il- 
lustrations, the lattice displacements resulting from single 
cycles a+ ,  b+, and c- (+ = counterclockwise cycle,- = 
clockwise; see Figure 5b). Stochastically (see section 4 for 
further details), the system “walks” on the lattice points of 
Figure 8a with certain (cycle or composite) transition 
probabilities. At  each point of such a walk, there are six 
possible transitions (a*, b f ,  - c h ) .  But over - a long period of 
time, we will have r N a  - J N ~  and r s  - J s .  Also, of course, 
the free energy consumed is rhaApka while the free energy 
recovered is r s ( - A p ~ ) ,  with an efficiency given by eq 24. 
The dashed lines in Figure 8a indicate limiting values of 7: 
7 = 1 (at 4 5 O ) ;  7 = qmax (complete coupling, with cycle a 
only); and 7 = 0 (cycle b only). The line representing the 
real efficiency will lie between 7 = 0 and 7 = vmax (shaded 
region). Figure 8 b  illustrates this for a hypothetic case in 
which the net.cycle fluxes occur in the ratios J , : J b : J ,  = 2: 
1:-1. 

We turn next to an example (Figure 6 again) in which 
the three net cycle fluxes are  calculated. For this purpose 
we must employ explicitly the separate rate constants i n  
Figure 6. 

Special Case: Fluxes. The routine way to derive the 
steady-state kinetic properties of the system in Figure 6 is, 
first, use directional diagrams (King and Altman, 1956; 
Hill, 1966, 1968) to find the probabilities p l ,  . . . , p6 of the 
separate states in the diagram and, second, use flux di- 
agrams (Hill, 1966, 19681, as in Figure 5c, to obtain the 
fluxes. In  a sufficiently specialized case, such as the present 
one, or in a numerical example, i t  is actually much simpler 
to reverse the procedure, because f lux  diagrams are  both 
significantly fewer in number and algebraically simpler 
than directional diagrams. W e  use the present example to 
illustrate this quite useful procedure which avoids the ne- 
cessity of explicit consideration of directional diagrams. 

The method is the following: ( 1 )  write out the flux ex- 
pressions with an unknown normalization factor Z: (which is 
equal to the sum of all directional diagrams); (2) use the 
equality of fluxes between some successive steps in cycles 
(or the fact that the total net flux into any state is zero), ex- 
pressed in terms of the p;, to obtain p l  Z, . . . , and (3) 
use normalization of the pi to find Z. 

There are  only seven f lux  diagrams for this model (Fig- 
ure 5c). I n  contrast. there are  15 partial diagrams (Hill, 
1966, 1968) and 15 X 6 = 90 directional diagrams. From 
the f lux  diagrams and Figure 6 we have immediately (Hill, 
1966, 1968) 

J ,  = Av(P - 1)/c 
(36) 

- 
J ,  = iV(AK3 - B)(K2 + K + 1)/C 

./, = N(BK3 - A)(K2  + K + l ) / Z  

Also 
- 
J 35 /LV E KP? - PS = KP, - P6 = Kps - 04 = 

Cr?, + J , ) / N  (37) 
and 

7 .I? / V  KPd - b2 = Kp2 - = KP, - p3 = 

(Ta + & ) / N  (38)  
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Now we can express, say, p4Z in terms of p3E from eq 36 
and 37 and p3Z in terms of p4Z from eq 36 and 38. These 
two inhomogeneous linear equations can be solved for p3E 
and p4Z. The  transitions 3 e 4 provide a check. T h e  other 
p j Z  follows immediately from eq 37 and 38. Normalization 
then gives 2. In this way we find 

p1 = ( ) [K3  + 1 + AKZ + B(K + 1)] /C  

p z  = ( )[K3 + 1 + AK(K + 1) + B ] / C  

p3 = ( )[K3 + 1 + B( I] /C 
( 3 9 )  

p4 = ( ) [K3  + 1 + A (  ) ] / E  

p 5  = ( 

p6 = ( 

) [K3  + 1 + A + BK(K + l)] /Z 

) [ K 3  + 1 + A ( K  + 1) + BK2]/C 
where 

Note that if A = B = 0, pl  = . . . = p6 = l/6, as  expected. 
Equations 26, 36, and 40 give explicit expressions for all the 
fluxes. 

Special Case: Numerical Example. W e  use here A/B = 
K4 (not the same as  in Figure 7 )  and K = 2. Thus, from eq 
33 to 35, AfiNa/kT = 7 In K = 4.852 (this is of the correct 
order of magnitude for the experimental N a +  electrochemi- 
cal gradient) and AfiSlkT = -in K = -0.6931. Thus the 
maximum efficiency ( A  = B = 0) in this case is vmax = I,$ = 
0.143. 

Table I shows state probabilities, fluxes, and the efficien- 
cy for two choices of A and B, both of which are  consistent 
with A / B  = K4 = 16. The  states in the table a re  arranged in 
the same order as  in the diagram. On the left of the table, 
the A and B transitions are  relatively more important than 
on the right. Consequently, on the left, the probabilities are  
less uniform, cycles b and c are  used more, and the efficien- 
cy is lower. As already mentioned, if A = B = 0, we have 
all p;  = ’/6 and qmax = I,$ = 0.143. 

4. Stochastic Treatment of Cycles 

The mean net number of completed cycles of any type, 
say cycle a ,  for any diagram and for a single system (e.g., a 
single carrier), after a long time t ,  is denoted by i-,. Ob- 
viously i-, = jat /N.  This section is concerned primarily with 
fluctuations in ra about the mean value i-,. 

This topic was mentioned in passing in the introduction 
and section 3. The treatment given in this section will be 
simple, omitting complications. Some of these complica- 
tions will be dealt with in a separate paper (Hill and Chen, 
1975), using Monte Carlo numerical methods primarily. 

Imagine (and this can be simulated on a computer) that 
we follow in detail a system, over a long period of time, as  it 
occasionally and instantaneously changes from one state to 
another of its kinetic diagram, in accordance with the first- 
order transition probabilities of the diagram. The diagram 
has cycles a, b, c, . . . . Actually, starting in any arbitrary 
state, what we record as time passes is the completion of 
each successive cycle (the type of cycle; its direction, f; and 
the time between cycles). Over an extremely long period of 
time, let P a + ,  pa-, P b + ,  Pb- ,  . . . be the fraction of com- 
pleted cycles of type a in direction + (assigned by some con- 
vention), etc. The sum of these probabilities is unity. Also, 
let T be the mean time between cycles (total time divided by 
the total number of cycles of any kind). Then the probabili- 
ty of completing any cycle in the infinitesimal interval d t  is 

Table I :  Example: Probabilities, Fluxes, Efficiency. 

A = 1, B = 1/16 
Pi 

A = 114, B = 1/64 
Pi 

(1) 0.1728 (2) 0.1974 (1) 0.1686 (2) 0.1765 
(3) 0.1237 (4) 0.2097 (3) 0.1529 (4) 0.1804 
(5) 0.1360 (6) 0.1605 (5) 0.1568 ( 6 )  0.1647 

J a / N =  0.1511 
I fb /N= 0.1040 J b / N =  0.0333 
J c / N  = -0.00655 T c / N =  ~ 0 . 0 0 2 1 0  
T N a / N =  - 0.2219 Y N ~ / N  = 0.1844 
J S / N =  0.1114 J s / N =  0.1490 
q = 0.0717 

I a / N  = 0.1179 - 

7) = 0.1154 

df /7 ,  while the probability of completing a cycle of type a+,  
a-, etc., in d t  is pa+dt/T, pa-dt/T, etc. Thus, if we denote 
the first-order rate constants for cycle completions by k,+, 
ka - ,  etc., we have k,+ = pa+/T, k,- = p a i r ,  etc. These a re  
the composite cycle transition probabilities already referred 
to in the introduction and section 3. 

In an ensemble of N equivalent and independent systems 
(e.g., a membrane sample with N carriers), the mean num- 
bers of cycles of each type completed per unit time are  ja+ 
= Nk,+,  7,- = Nk,- ,  etc. These fluxes are  always positive. 
The  net cycle fluxes are  then 

J ,  = N ( k ,  - k,) (41) 
etc. The net fluxes may be positive or negative. 

The stochastic quantities introduced above may now be 
expressed in terms of the single-transition rate constants of 
the diagram. Using the diagram method (Hill, 1966, 1968), 
the net cycle fluxes can always be written in the form 

etc., where Z is the sum of directional diagrams for all 
states, II,+ is the product of rate constants around cycle a 
in the + direction, n,- is the product of rate constants 
around cycle a in the - direction, (n,+ - n,-)Z, is the 
sum of cycle a flux diagrams (this defines E,), etc. The ex- 
pressions for &+, &-, Z,, 2,  etc., involve diagram rate 
constants only. Equations 1 and 36 provide examples. See 
pp 141-152 of Hill (1968) for a full explanation. If the di- 
agram consists of only a single cycle (as in eq l ) ,  eq 42 sim- 
plify to 

7 = N(n+ - nJ/c (43) 
Equation 42a gives the mean net flux around cycle a .  Ac- 

tually, we can go further and identify NII,+E,/Z with the 
mean flux around cycle a in the + direction by noting that 
3, - NlI ,+Z, /Z  if we let any one of the rate constants in 
II- become very small. Therefore the (composite) cycle ;ate 
constants a re  given explicitly by 

etc. Note that 

(44) 

(45) 
etc. Equation 45 can be verified in special cases by an inde- 
pendent “mean first passage time” type of argument based 
on the diagram transition probabilities. See also Hill and 
Chen (1 975) for “experimental” confirmation. 
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I t  is interesting that the relations between individual 
transition rate constant ratios and actual free energy differ- 
ences, as seen for example in eq 27-29, carries over to the 
cycle level. Thus, as a consequence of eq 45, the left-hand 
sides of eq 30-32 can be replaced by the cycle rate constant 
ratios k , + / k , - ,  kb+ /kb- ,  and k , + / k , - ,  respectively. The 
analogy is not perfect, however, since a change of biochemi- 
cal state is involved in each of eq 27-29 but completion of a 
cycle (eq 30-32) leaves the system unchanged (except for 
the transport, etc., accomplished). 

There may be systems in the study of which one must be 
content to work, both theoretically and experimentally, en- 
tirely in terms of cycle rate constants rather than individual 
transition rate constants. The simplest example: for a mem- 
brane transport system with a single cycle a ,  radioactive 
tracer studies plus the net f lux 7, would provide the two 
cycle rate constants k,+ and k21- .  

The cycle probabilities introduced above become 

That is, T, the mean time between cycles, is equal to the 
sum of all directional diagrams divided by the sum of all 
f lux  diagrams (with all signs taken positive). The total cycle 
frequency for a single system of the ensemble is T-’. The 
cycle probabilities can also be written 

Pa+ = n a + c a / ( n a + c a  + name, + n,+Zb + ), (48) 
etc. 

Having found (eq 44) the rate constants k,+, k21- ,  kb+, 
etc., that govern cycle completions (over a long period of 
time), we can now consider P(r , ,  t ) ,  P(rb,  t ) ,  etc., where 
P(r, ,  t )  is the probability that, after a sufficiently long time 
t ,  any single system of the ensemble has completed r ,  net 
cycles in the + direction around cycle a, etc. Since t is 
large, ra may be regarded as  a continuous variable. 

Over a long time interval, the completion of cycles of 
each kind (a, b, . . .) may be treated as an independent, one- 
dimensional biased walk with, for cycle a ,  a transition prob- 
ability k,+ in the + direction and I<,- in the - direction. 
etc. Thus, r ,  is the net number of steps of the walk in the + 
direction. As is well known, the (Fokker-Planck) differen- 
tial equation in P(r; , ,  t )  (similarly for b. c, . . .) has the form 

ap - 1 a p  
a i  a YaU a - - 5 (17, + ka-) % - (17, - k , ) -  (49) 

with the solution 

where the mean i., and variance ga2 of the Gaussian distri- 
bution in r ,  are given bq 

The Gaussian distribution in ra both moves ( F a )  and spreads 
(u,*)  with constant velocity. 

Let n,(r) be the total number of a cycles, either a +  o r a - .  
completed in time 2 .  Since the frequencq of occurrence of 
such cycles is jus t  k,+ + I<,-. we have from eq 51b. u , 2 ( t )  

oaL = n, 
As usual, the distribution gets relatively sharper as t and n, 
increase: a,/?, - n, - ‘ /*  - t - ‘ I2 .  

At this point we digress to comment on our frequent 
mention of long time intervals. Suppose, in observing the 
stochastic behavior of a system that started originally in 
state j .  that a cycle has just been completed and the system 
is in, say, state i, where it may be that i # j (if the diagram 
has more than one cycle). Now the probability that the next 
cycle (starting from state i )  is a+,  a-, b+ etc., depends on 
the “left over” sequence of states ( > I ) ,  starting with j and 
ending with i, that has not yet been used in a cycle (Hill 
and Chen, 1975). I f  h e  average over j (as we would for an 
ensemble of systems), and use long enough times, this 
“memory” effect wil l  be averaged out, leading to the mean 
stochastic parameters already introduced: ka+,  ka- ,  . . . , 
pa+, pa-, . . . , 7. Because of this and other complications 
when dealing with short time intervals, we have not written 
the discrete (master equation) version of eq 49. 

When several independent random events contribute to 
the fluctuating quantity of interest, both mean values and 
variances are  additive. Actually, eq 5 I a re  examples of this 
(a+ and a- are independent). Another example is the con- 
sideration of an ensemble of N independent systems rather 
than a single system. This, i n  fact, corresponds to the exper- 
imental situation. Equations 49 and SO apply also to the en- 
semble, bhere t - :VAt and P ( r a ,  &) is in this case the 
probability that ra is the net number of a cycles in the + di- 
rection completed in the  hole ensemble in time I t ,  with 

In effect, the cycle rate constants have become (for the en- 
semble) ’Yka+, h‘ka- ,  etc. Of course now N l t  must be 
large, but Lr may be small. 

Still another example of additivity occurs in relation to 
cases such as eq 26. For example, suppose either cycle a or 
cycle b transports one N a +  across a membrane. Then r v a  
= r ,  + rb and eq 50 holds for P(rNa,  A t ) ,  where 

- 
Y N a  = S ( k ,  - 17,- + kb+ - k b - ) A f  = (7, + Tb)At 

(54)  
oNa’ = N(ka+ + ka_ + k,, + k,_)At = 

(Ta+ + 5, + &+ + Jb-)At  

Recall that Ja+, etc., are all positive. 
Noise Power Spectrum. I f ,  say, membrane transport of 

Na+ by a large ensemble of iV carriers, in eq 54, involved no 
other physical process than those already included in the 
biochemical cycle, then the noise in Jxa  is simple shot noise 
and the power density spectrum C m ,  f = frequency, is a 
constant (Middleton, 1960): 

(55) 
- - - 

G = 2(Ta+ + J ,  + Jb+ + Jb-) 
However, this is an oversimplification not only because of 
the possibility of other physical processes but also because 
we have averaged out (see above) the “texture” of the sto- 
chastic behavior of the system in the frequency range of in- 
dividual cycles and transitions. That is, roughly speaking, 
eq 5 5  applies only at  lower than cycle frequencies (T-’). 

Numerical Example.  We extend here the example in 
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Figure 6, eq 36 and 40, and on the left side of Table I ( K  = 
2, A = 1,  B = ‘/16). W e  have 

ka+ = Ta+/N = K6/C 

k,_ = T,_/N = 1/C (561 

k,+ = Tb+/N = AK3( ) /C 

etc. Table I1 gives, on the left, numerical values for all the 
k’s, and their net values, which are  equal to JaIN, etc. 
(compare Table I, left side). The reciprocal of the sum of 
the k’s is 7, the mean time between cycles. The cycle proba- 
bilities (pa+ = 7ka+,  etc.) a re  on the right of Table 11. Of 
all cycles, 91% are  of type a +  or b+. The cycle rate con- 
stants (the k’s)  should be compared in magnitude with the 
individual transition rate constants (of order unity). In fact, 
it is easy to  show (see below) that the mean time between 
individual transitions in this example is 7tr = 0.3188, which 
is smaller than the mean time between cycles 7, by a factor 
of 12.70. To  calculate 7tr we have used the facts that: the 
mean time 7 t r ( 1 )  in any state i (between transitions) is the 
reciprocal of the sum of the outgoing rate constants from 
state i; and p l  - A i t r  ( I ) ,  where p l  is the steady-state proba- 
bility of state i a n d 5  is the fraction of all transitions that 
start from state i. The fi can be found from the known 
values of the p I  and T~~ ( I ) .  Then Ttr  = Zd77tr ( I ) .  

5. Models for Active Transport by NaK-ATPase 

W e  shall not introduce any additional explicit models in 
this section because no really new principles arise-only 
further complexity. But a few general remarks may be use- 
ful. 

The  diagram may be rather complicated (see, for exam- 
ple, Stone, 1968; Hill, 1968). There are  now three thermo- 
dynamic forces: &ha, AFK (defined as in eq 22), and AFT, 
where 

A P T  P A T P  -   PAD^ + PP) (57) 
W e  have used extensively AFT as  a chemical force in the 
muscle diagram (Hill, 1974; Hill et al., 1975). See also sec- 
tion 2 which is basically similar. In the muscle diagram, for 
simplicity, we generally treated products as  a single entity: 

M + A T P  2 M *  A T P  M -  (ADP, P) 3--t 
M + (ADP, P) (58) 

where M = myosin cross-bridge. Here it is likely that prod- 
ucts are  released sequentially (with A D P  released very 
fast): 
C + A T P  e C -  A T P  e C. ( A D P ,  P) e 

C P  + A D P  c + A D P  + P (59) 
where C = carrier. Thus the carrier may be phyosphorylat- 
ed in several states of the diagram. 

Since AF is defined as KO”‘ - F’” (eq 22) for both N a +  
and K+, we have here 

‘ h a  > 0, < 0, A P T  > 0 (60) 
The force AFT is sufficient to drive both N a +  and K+ 
against these electrochemical gradients. That  is, the mean 
net fluxes (out - in is taken as positive for N a +  and K+) 
are  

&a < 0, > 0 ,  & > 0 (611 

where 5~ is the mean net flux A T P  - A D P  + P, and 

GAP, > ( - J , J A P N ~  + JK(-APK) (62) 

All factors and products are positive in eq 62 (using the pa- 

Table 11: Example: Cycle Kinetics, A = l, B = 1/16. 

ka+ = Ta+/N = 0.11 98 pa+ = 0.485 1 
Net = 0.1179 

ka- = T a J N  = 0.0019 pa- = 0.0076 
kb+ = Tb+/N = 0.1048 pb+ = 0.4244 

Net = 0.1040 
kb-  = s b - / N  = 0.0008 pb- = 0.0033 
k,+ = Tc+/N = 0.00655 pc+ = 0.0265 

Net = -0.00655 
kc- = Yc-/N = 0.01310 
Sum of k’s = 0.2470, T = 4.049 

p c -  = 0.0531 

rentheses). The  efficiency is 

(-7Na)APNa + JK(-APK) 0 5 7) 5 1 (63) 7 7 =  
G A P T  

The  free energy levels of the individual states of the di- 
agram are  handled as in sections 1-3. 

If there is only one important cycle (as in most current 
models of the NaK-ATPase system), there will be complete 
coupling between the three fluxes. In a one-cycle model in 
which one circuit transports one Na+,  one K+,  and splits 
one ATP,  - 3 ~ ~  = 3~ = 5 ~ .  But if, say, one circuit trans- 
ports three N a + ,  two K+, and splits one ATP,  - ( ‘ /3)3~~ = 
( ‘~)JK = TT. In the latter case 

If the N a +  equilibrium potential is estimated to be 115 mV 
more positive than the membrane rest potential and the K+ 
equilibrium potential is taken as 10 mV more negative than 
the rest potential, the numerator in eq 64 becomes 3 X 2.65 
+ 2 X 0.23 N 8.41 kcal mol-’. If AFT N 12 kcal mol-’, the 
efficiency is about 70%. Other cycles in the diagram would 
“uncouple” the fluxes and reduce 9 (see section 3). 

If there are  multiple cycles in the diagram, Figure 8a 
would have to be extended to three dimensions to accommo- 
date the three thermodynamic forces. In the special case of 
only one important cycle, the three-dimensional biased walk 
on the extended Figure 8a would degenerate into a one- 
dimensional walk (as along the line 9 = vmax in Figure 8a). 
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